We consider noncommutative BTZ black hole solutions in two different coordinate systems, the polar and rectangular coordinates. The analysis is carried out by obtaining noncommutative solutions of U(1, 1) × U(1, 1) Chern-Simons theory on AdS 3 in the two coordinate systems via the Seiberg-Witten map. This is based on the noncommutative extension of the equivalence between the classical BTZ solution and the solution of ordinary SU(1, 1) × SU(1, 1) Chern-Simons theory on AdS 3 . The obtained solutions in these noncommutative coordinate systems become different in the first order of the noncommutativity parameter θ.
Introduction
The most used canonical commutation relation for noncommutative spacetime is modeled on the commutation relation of quantum mechanics:
where θ αβ = −θ βα are constants. It has been also known that a theory on a deformed spacetime with the above canonical relation is equivalent to a theory on commutative spacetime in which any product of functions of noncommutative coordinates are replaced with a deformed ⋆-product of the same functions of commutative coordinates, the so-called Moyal product [1] which is defined by (f ⋆ g)(x) ≡ exp i 2 θ αβ ∂ ∂x α ∂ ∂y β f (x)g(y)
x=y .
Using the Moyal product many works on noncommutative spacetime have been carried out and especially in [2] a map between a gauge theory on noncommutative spacetime and one on commutative spacetime, the so-called Seiberg-Witten map, was established.
So far, we are accustomed to take general covariance for granted. General covariance in "a noncommutative space 2 " would mean the equivalence among different coordinate systems in this noncommutative space. However, different coordinate systems in "a noncommutative space" generally have different commutation relations which are not exactly equivalent to each other. Therefore, if we work with different coordinate systems in "a noncommutative space", we may end up with different results. If this happens, it would contradict our usual notion of general covariance. Seiberg [3] has already pointed out that general covariance would be broken in theories with emergent spacetime among which model theories on noncommutative spaces are included. As a step on this issue, here we investigate the noncommutative BTZ solutions in the polar and rectangular coordinate systems. We carry this by obtaining the solutions of U(1, 1) × U(1, 1) Chern-Simons theory on noncommutative AdS 3 in the two coordinate systems via the Seiberg-Witten map.
Noncommutative Chern-Simons gravity
The action of the (2+1) dimensional noncommutative U(1, 1)×U(1, 1) Chern-Simons theory with the negative cosmological constant Λ = −1/l 2 is given by up to boundary terms [4, 5] ,
where β = l/16πG N and G N is the three dimensional Newton constant. HereÂ
, and the deformed wedge product
The noncommutative SU(1, 1) × SU(1, 1) gauge fieldsÂ are expressed in terms of the triadê and the spin connectionω aŝ A a± :=ω a ±ê a /l. In terms ofê andω the action becomes [5]
up to surface terms, whereR
The equation of motion can be written as follows.F
In the commutative limit this becomes,
and the first one can be rewritten as
The solution of the decoupled EOM for SU(1, 1) × SU(1, 1) part was obtained in [6] :
where
, and r + , r − are the outer and inner horizons respectively. There it was also shown to be equivalent to the ordinary BTZ black hole solution [7] :
Noncommutative BTZ solution in polar coordinates
Based on the above noncommutative extension of the equivalence between 3D gravity and SU(1, 1) × SU(1, 1) Chern-Simons theory, we now get the noncommutative BTZ solution in the polar coordinates following [8] using the Seiberg-Witten map. The Seiberg-Witten map which dictates the following equivalence relation between ordinary and noncommutative gauge transformations [2] ,Â
allows to express noncommutative gauge fieldsÂ in terms of ordinary gauge fields A aŝ
where θ ρσ are noncommutativity parameters of the canonical commutation relation (1). Here, our chosen commutation relation for the polar coordinates is [r,φ] = iθr −1 , which is not in the canonical form. However, one can easily show that this is exactly equivalent to [r 2 ,φ] = 2iθ. Thus for computational convenience, we use the commutation relation [R,φ] = 2iθ withR ≡r 2 . The Seiberg-Witten map (11) of the noncommutative gauge fields, A ± :=Â a± µ τ a +B ± µ τ 3 , yields the following.
Setting the two U(1) fluxes as B ± µ = Bdφ with constant B, we obtain the following expressions for the noncommutative triad and spin connection:
,
where ′ denotes the differentiation with respect to R = r 2 . We now define the metric in the noncommutative case as
and with this definition we get a real metric(ê µ ⋆ê ν =ê µêν ). Rewriting R in terms of r, we now get
− . In this solution, the apparent horizon (denoted asr) which is determined bŷ
and the Killing horizon (denoted asr) which is determined bŷ
are given as follows:r
In the classical case, the apparent and Killing horizons coincide for stationary black holes. Note that here the apparent and Killing horizons do not coincide. Only in the non-rotating limit in which the classical inner horizon vanishes, r − = 0, we see that the two outer horizons coincide as in the classical case.
Noncommutative BTZ solution in rectangular coordinates
We now consider the noncommutative BTZ solution in the rectangular coordinates following [9] . In order to evaluate the Seiberg-Witten map in the rectangular coordinates we first have to express the classical solution of the U(1, 1) × U(1, 1) gauge fields in terms of the rectangular coordinates. We again set the two U ( 
Now performing the Seiberg-Witten map as in the previous section, and using the relationsê/l =Â + +Â − andω =Â + −Â − , we obtain the noncommutative triad and spin connection in the rectangular coordinates up to first order in θ as follows.
(ydx − xdy), This solution now yields the apparent and Killing horizons which are determined by the same relations (16) and (17), respectively, as in the previous section as follows.
In this rectangular coordinates case, unlike the polar coordinates case, the apparent and Killing horizons do coincide. Although the inner and outer horizons are shifted from the classical value by the same amount θB/2 due to noncommutative effect of flux, the feature that the apparent and Killing horizons coincide matches with the classical result.
